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1. (Ex.7 Ch.8 in textbook) Provide all the details in the proof of the formula for the solution
of the Dirichlet problem in a strip discussed in Section 1.3. Recall that it suffices to
compute the solution at the points z = iy with 0 < y < 1.

(a) Show that if eiθ = G(iy), then

reiθ = i
cos πy

1 + sin πy

This leads to two separate cases: either 0 < y ≤ 1
2

and θ = π
2
, or 1

2
< y ≤ 1 and

θ = −π
2
. In either case, show that

r2 =
1− sin πy

1 + sin πy
and Pr(θ − ϕ) =

sinπy

1− cosπy sinφ

(b) In the integral 1
2π

∫ π

0
Pr(θ − φ)f̃0(φ)dφ make the change of variables t = F (eiφ).

Observe that

eiφ =
i− eπt

i+ eπt
,

and then take the imaginary part and differentiate both sides to establish the two
identities:

sinφ =
1

coshπt
and

dφ

dt
=

π

cosh πt
.

Hence deduce that

1

2π

∫ π

0

Pr(θ − φ)f̃0(φ)dφ =
1

2π

∫ π

0

sin πy

1− cosπy sinφ
f̃0(φ)dφ

=
sin πy

2

∫ ∞

−∞

f0(t)

cosh πt− cos πy
dt

(c) Use a similar argument to prove the formula for the integral 1
2π

∫ 0

−π
Pr(θ−φ)f̃1(φ)dφ.

Solution. (a) Recall the function F : D → Ω and G : Ω → D are defined as following:

F (w) =
1

π
log(i

1− w

1 + w
) and G(z) =

i− eπz

i+ eπz



Thus if reiθ = G(iy), then

reiθ =
i− eπiy

i+ eπiy

=
i− cos πy − i sin πy

i+ cos πy + i sin πy

=
− cos πy + i(1− sin πy)

cosπy + i(1 + sin πy)

=
(− cos πy + i(1− sin πy))(cos πy − i(1 + sin πy))

cos2 πy + (1 + sinπy)2

=
2i cos πy

cos2 πy + (1 + sinπy)2

=
i cos πy

1 + sin πy

Then we have:

r2 =
(cos πy)2

(1 + sin πy)2

=
1− sin πy

1 + sin πy
and

r sin θ =
cos πy

1 + sin πy
and

r cos θ = 0

Pr(θ − φ) =
1− r2

1− 2r cos (θ − φ) + r2
and

=
1− r2

1− 2r(cos θ cosφ+ sin θ sinφ) + r2

=
1− r2

1− 2r sin θ sinφ+ r2

=
1− 1−sinπy

1+sinπy

1− 2 cosπy
1+sinπy

sinφ+ 1−sinπy
1+sinπy

=
sinπy

1− cosπy sinφ
.

(b) By direct computation,

eiφ =
i− eπt

i+ eπt

= −−1− 2ieπt + e2πt

1 + e2πt

= −e
2πt − 1

1 + e2πt
+ i

2eπt

1 + e2πt

= − tanhπt+ i
1

cosh πt



by comparing the real and imaginary part on both sides, we get

cosφ = − tanhπt and sinφ =
1

cosh πt

differentiating sinφ,

cosφ · dφ
dt

=
−π sinhπt
(coshπt)2

Thus
dφ

dt
=

π

cosh πt

Then the fomula becomes

1

2π

∫ π

0

Pr(θ − φ)f̃0(φ)dφ =
1

2π

∫ π

0

sin πy

1− cos πy sinφ
f̃0(φ)dφ

=
1

2π

∫ ∞

−∞

sin πy

1− cosπy 1
coshπt

f0(t)
dφ

dt
dt

=
sin πy

2

∫ ∞

−∞

1

cosh πt− cos πy
f0(t)dt

(c) In this case, we have

eiφ =
i− eπ(t+i)

i+ eπ(t+i)
=
i+ eπt

i− eπt

by similar argument, we have

cosφ = − tanhπt and sinφ = − 1

cosh πt

and
dφ

dt
= − π

cosh πt

Thus

1

2π

∫ 0

−π

Pr(θ − φ)f̃1(φ)dφ =
1

2π

∫ 0

−π

sin πy

1− cos πy sinφ
f̃1(φ)dφ

=
1

2π

∫ −∞

∞

sin πy

1− cos πy −1
coshπt

f1(t)
dφ

dt
dt

=
sin πy

2

∫ ∞

−∞

1

cosh πt+ cos πy
f1(t)dt

◀

2. (Ex.7 Ch.11 in textbook)Show that if f : D(0, R) → C is holomorphic, with |f(z)| ≤M
for some M > 0, then

| f(z)− f(0)

M2 − f(0)f(z)
| ≤ |z|

MR
.



Solution. If we want to use Schwarz lemma, we need to construct a function from D to
D sending 0 to 0. Consider

φ1(z1) = R · z1 : D → D(0, R)

φ2(z2) =
z2
M

: D(0,M) → D

φ3(z3) =
f(0)/M − z3

1− f(0)/Mz3
: D → D, f(0)/M 7→ 0

Thus the function

φ := φ3 ◦ φ2 ◦ f ◦ φ1 =
f(0)
M

− f(Rz1)
M

1− f(0)
M

· f(Rz1)
M

defines a function sending D to D and sending 0 to 0. Therefore, by Schwarz’s lemma

|
f(0)
M

− f(Rz1)
M

1− f(0)
M

· f(Rz1)
M

| ≤ |z1|

after change variable z = Rz1, we have

| f(0)− f(z)

1− f(0) · f(z)
| ≤ |z|

RM

◀

3. (Ex.14 Ch.8 in textbook) Prove that all conformal mappings from the upper half-plane H
to the unit disc D take the form:

eiθ
z − β

z − β

Solution. Let φ be such a conformal mapping, and we have a conformal mapping from
H to D:

ψ(z) =
z − i

z + i

then φ ◦ ψ−1 is a conformal mapping from D to D (i.e an automorphism of D). Thus
φ ◦ ψ−1 must take the form

eiθ
α− z

1− αz
for someα

This tells us φ must be

eiθ
α− z−i

z+i

1− α z−i
z+i

= eiθ
α(z + i)− z + i

z + i− α(z − i)
= eiθ

z(α− 1) + i(α + 1)

z(1− α) + i(1 + α)
= eiθ

′ z + iα+1
α−1

z + i1+α
1−α

If we let β = iα+1
α−1

, we get the result we desired. ◀


